We review experiments over the last ten years on thermal transport in mesoscopic normal metals in contact with a superconductor. The main focus of this effort has been on the exploration of coherent thermal effects in mesoscopic normal-metal/superconductor structures, i.e. effects in which the phase of the quasiparticles participating in thermal transport is important. Coherence in thermal transport manifests itself as oscillations of the thermal conductance and the thermopower of mesoscopic devices with an externally applied magnetic field.
Introduction
The physics of a normal metal in contact with a superconductor has seen a resurgence of interest in the past 15 years [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [19] [20] [21] [22] [23] [24] [25] . The simplest physical picture of this system is that superconducting correlations from the superconductor leak into the normal metal over a temperature dependent length scale that can be of the order of a micron at low temperatures [33] . This length scale ishv F /k B T for a clean sample (where v F is the Fermi velocity and T the temperature), or √h D/k B T for a diffusive normal metal, where D = (1/3)v F is the electronic diffusion length, being the elastic mean free path. Within this length scale, the properties of the quasiparticles are strongly affected. In addition to correlations between quasiparticles, the presence of the superconductor can induce a gap in the density of states in the normal metal.
One of the more striking aspects of the superconducting proximity effect is the influence of long range phase coherence on the properties of the system. If the electron-phase coherence length L φ is longer than the normal part of the sample, quantum interference of the quasiparticles can have a strong influence on the properties of the system. For example, if a normal metal is sandwiched between two superconductors, the conductance of the normal metal will oscillate as a function of the phase difference between the two superconductors [3] . The phase difference can be modulated by connecting the two superconductors together and threading a flux through the resulting loop, in a configuration called an Andreev interferometer. The changes in conductance due to the proximity effect can be quite large. For normal metals, changes in conductance due to quantum interference are of the order of e 2 / h at best [34] . In a proximity-coupled normal metal, quantum interference effects can lead to changes much larger than e 2 / h, of the order of the total conductance of the sample [17, 18] .
The electrical properties of proximity-coupled systems have been investigated extensively [19] [20] [21] [22] [23] [24] [25] . In ballistic or semi-ballistic devices, a number of interesting effects have been observed, including quantization of a supercurrent in a superconductor/semiconductor/superconductor device [26] , and zero-bias anomalies in normal-metal/superconducting (NS) interface structures [27] [28] [29] [30] . In diffusive samples, the systems of interest here, the conductance of a proximity-coupled normal metal results from the competition between two effects. The first is an enhancement of the conductance due to the pair correlations induced in the normal metal due to its proximity to the superconductor. The second is a decrease in the conductance due to a decrease in the density of states of quasiparticles in the normal metal. At any finite temperature below the superconducting transition, the enhancement of the conductance due to induced pair correlations is greater, but at T = 0, it is predicted that the two effects will exactly cancel, leading to a conductance equal to the normal state conductance in a system where there are no strong electronelectron interactions. This implies that the conductance has a non-monotonic dependence on temperature, first increasing above the normal state conductance as T falls below T c , then decreasing to the normal state conductance as T → 0. The characteristic energy at which the resulting peak in the conductance G occurs is given by the correlation (or Thouless) energy E c =h D/L 2 for a diffusive sample, where L is the length of the sample. Phase-coherent oscillations of the conductance have been observed in both ballistic and diffusive samples [31, 32] .
In this paper, we shall be primarily interested in the thermal properties of superconducting proximity effect systems [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] . Indeed, in some sense, the thermal properties of NS systems were the first to be studied [51] . To first order, the thermal conductance of these systems can be understood very simply as resulting from the contribution of only the quasiparticles in the system. Since the proximity effect results in a reduction in the density-of-states of quasiparticles in the normal metal, one should expect a reduction in the thermal conductance of proximity-coupled normal metals, and this is indeed what is observed [42] , although the reduction is much larger than would be predicted by theory [50] . In an Andreev interferometer, a magnetic field modulates the density of states in the normal arm of the interferometer 1 , and thus one should expect an oscillation of the thermal conductance of the Andreev interferometer as a function of the externally applied flux, and this is also observed.
The thermopower of proximity-coupled systems is much more difficult to understand. Experimentally, one observes a thermopower that is much larger than that expected for typical normal metals, which in an Andreev interferometer configuration shows periodic oscillations as a function of an externally applied magnetic flux [35] . The amplitude of the thermopower oscillation is such that it cannot be simply ascribed to a proximity-induced modification of the normal state thermopower. In addition, the dependence of the symmetry of the thermopower oscillations (i.e. whether they are symmetric or antisymmetric with respect to magnetic field) is still not understood, although it appears that the supercurrent induced by the externally applied external flux plays an important role. In our opinion, a significant advance in the theory is required before the thermopower of mesoscopic proximity-coupled systems is understood.
Theoretical overview
We shall start with a brief overview of thermal transport in mesoscopic systems. In the diffusive approximation, the electronic current density j and the thermal current density j th through a normal metal wire can be expressed in the form [53] 
where D is the electronic diffusion coefficient (D = v F /3, v F being the Fermi velocity and the elastic mean free path), N(E) is the quasiparticle density of states as a function of the energy E, and f is the quasiparticle distribution function, 1 N (E, x) has been calculated by many authors. See for example [52] .
and is typically a function of the spatial coordinate R. In what follows, we shall define a reservoir as a metallic or superconducting contact where the quasiparticle distribution functions have their equilibrium form. In particular, f has the equilibrium form
In general, f (x) in the wire will have a non-equilibrium form if the quasiparticle inelastic scattering length is much longer than the length of the wire. One can also express I = j A and I th = j th A in terms of the standard transport equations in the presence of a voltage and temperature difference (here A is the cross-section of the wire) [54] I = GV + η T (3a)
where V is the voltage across the device, and T is the temperature difference. These equations express the fact that the same quasiparticles that carry the charge current also carry the thermal current, so that there will be both an electronic current and a thermal current in response to a voltage V , and similarly an electronic current and thermal current in response to a temperature difference T . Two quantities are of interest to us here. The first, the thermopower S, is defined as the ratio between the voltage V generated in response to the application of a temperature differential T , under the condition that no current flows through the system. Applying this condition to equation (3a), we obtain
The thermal conductance G T is similarly defined as the ratio of the thermal current I T to the temperature difference T under the same condition that the electronic current I is zero. With these conditions, we have
G, η, ζ , and κ can be calculated in the linear response regime by expanding f (x) in a Taylor series about f 0 to first order in V and T , and using the Sommerfeld expansion to calculate the integrals over E. In a normal metal, the off-diagonal components η and ζ are smaller than the components G and κ by a factor of the order of k B T /E F , which can be quite small at low temperatures. Hence the thermopower S for a normal metal is negligible. The thermopower for a mesoscopic wire can be expressed as
The finite value of the thermopower in normal metals is associated with the small but finite energy dependence of the density of states N(E) at the Fermi energy E F [54] . It vanishes if N(E) is symmetric in E about E F . A more sophisticated analysis that takes into account energy dependent scattering gives rise to the well-known Mott expression for the thermopower [54] . When ζ and η are small, the thermal conductance G T ∼ κ. κ for a normal metal under the same approximation can be calculated as
We now consider the transport equations for a diffusive proximity-coupled system in the quasiclassical approximation. While the theory has been developed in many papers [55] [56] [57] [58] [59] [60] [61] , we shall follow the notation of [53] in what follows. In analogy with equation (1), we can write down a set of equations for the electronic and thermal current densities
where N 0 is the density of states at the Fermi energy (N(0)), Q and M i j are coefficients that represent energy dependent currents, and h T and h L are quasiparticle distribution functions, all of which are in general functions of E and the spatial coordinate R. We shall describe these functions in more detail shortly.
At this point, we would like to point out the similarities and differences in form between the equations above the equivalent equations (1) for a purely normal metal. The first term in equation (8a) represents the contribution of quasiparticles to the electronic current, and hence is entirely equivalent to equation (1a) for a normal metal. However, there are some critical differences. First, we notice that the density of states is a function of energy in equation (1a) (N(E)), while it is assumed to be a constant independent of energy (N 0 ) in equation (8a). This is a consequence of the assumption of particle-hole symmetry made in the quasiclassical theory of superconductivity, and implies at the outset that phenomena that depend on this particle-hole asymmetry, such as the conventional thermopower represented by equation (6) , cannot be described. Second, in equation (8a), the gradient of the distribution function is multiplied by the function M 33 . M 33 can be considered to be an energy and space dependent normalized diffusion coefficient, which in the normal metal case reduces to unity. The energy and spatial dependence of M 33 and the other M i j functions arises due to the proximity effect.
The second term in equation (8a) represents the contribution of the supercurrent to the total current, and the third term a contribution associated with the conversion of supercurrent to quasiparticle current. These terms are clearly absent in the purely normal case.
The functions Q and M i j can be given in terms of the (θ , χ) functions in which the Usadel equations that describe the diffusive case are usually parametrized. The (θ , χ) satisfy the equations
Here the function j s is given by
θ parametrizes the Green's function of the system, and χ describes the gauge-invariant phase. It is important to remember that these equations are specific to the case of a normal metal in contact with a superconductor, where the gap superconducting in the normal metal vanishes. In terms of the (θ, χ) functions, the functions Q and M i j can be written as
and
Q is the so-called spectral supercurrent, which is a function of energy. From equations (9a) and (11), ∂ R Q = 0, so it is a constant independent of space for a particular energy E. In addition to the functions Q and M i j , we need to obtain solutions for the non-equilibrium quasiparticle distribution function h L,T , the so-called longitudinal and transverse distribution functions. Writing equations (8a) and (8b) in the form
the differential equations determining h L,T , which we call the kinetic equations, can be written simply as
The differential equations for θ , χ, h T , and h L need to be solved subject to appropriate boundary conditions. Figure 1 shows two specific geometries in which we are interested. Both are Andreev interferometers, where the properties of the proximity-coupled normal metals oscillate as a function of the phase difference between the two superconductors. For historical reasons, we will call the interferometer of figure 1(a) a 'house' interferometer, while the interferometer of figure 1(b) will be called a 'parallelogram' interferometer [35] . In what follows, we shall assume that there are perfect interfaces between the normal metal and superconducting reservoirs, i.e. the NS interfaces are perfectly transparent, so that θ and χ are continuous across the contacts to the reservoirs. For θ , the boundary conditions are that cosh θ S0 = E/ E 2 − | | 2 at a superconducting reservoir, where is the superconducting gap, and θ = 0 at a normal metal reservoir. In physical realizations of Andreev interferometers, the superconducting reservoirs are connected to one another, forming a loop through which an Aharonov-Bohm flux is threaded. The phase χ arises primarily from the imposition of this flux, so that χ = 2π / 0 in going around the loop (we ignore any selfinductance effects). Here 0 = h/2e is the superconducting flux quantum. As the critical current in the superconductor is much higher than that in the normal wires connecting the two superconducting reservoirs, one can assume that essentially all of the phase difference is dropped across the normal metal. In terms of boundary conditions, we impose this phase difference symmetrically across the two superconducting reservoirs, so one reservoir has a phase of −χ/2, and the second a phase of χ/2. For a normal reservoir, the absolute value of χ has no meaning, but the phase gradient ∂ R χ = 0 along any normal wire connected to a normal reservoir, as there can be no supercurrent into or out of the normal reservoir. At either a superconducting or normal reservoir, the distribution functions h T and h L have the values
In the equilibrium case, when
Any measurable quantity of interest is represented in terms of θ , χ, h T , and h L . In general, the equations have to be solved numerically. One usually solves the equations for θ and χ first, as these are used for inputs to the kinetic equations for h T and h L .
Thermal conductance
The thermal conductance in the linear response regime can be written as (for the geometry of figure 1(a) , for example) As we noted above, calculation of G T involves solution of the differential equations determining θ and χ. To obtain a physical understanding of the thermal conductance, however, it is useful to look at the density of states of the quasiparticles, as it is the quasiparticles that carry the heat current. In the normal case, the thermal conductance depends on the density of states of the quasiparticles at the Fermi energy N(0) (see equation (2)). In a normal metal in contact with a superconductor, the density of states at the Fermi energy is reduced. Figure 2 shows the density of states N(E, x) = cosh[Re(θ )] cos[Im(θ )] for the house interferometer of figure 1(a) along the normal metal wire joining the two normal reservoirs, for a phase difference φ of 0 (figure 2(a)) and π (figure 2(b)) between the superconducting reservoirs. The energy scale is normalized to the correlation energy E c =h D/L 2 , the relevant energy scale for the proximity effect. At φ = 0, N(E, x) at the central node essentially vanishes close to the Fermi energy. Hence, the number of quasiparticles available to carry the thermal current at low temperatures is very small, and the thermal conductance decreases. At a phase difference of φ = π, however, N(E, x) is essentially equal to the normal state value N 0 throughout, so the thermal conductance should be close to its normal state value G T N . Hence the thermal conductance should oscillate periodically with the applied flux, with a period corresponding to the flux quantum 0 . Figure 3 shows the result of a similar calculation for the parallelogram interferometer. As with the house interferometer, there is a large depression in N(E, x) near the center of the wire at φ = 0. At φ = π, N(E, x) figure 1 (b) as a function of energy E and distance x along the two normal reservoirs, for a phase difference of (a) φ = 0 and (b) φ = π between the superconducting reservoirs. From [62] .
approaches N 0 near the center of the wire. However, there is still a substantial suppression in N(E, x) at the nodes where the wires from the superconducting reservoirs join the normal metal wire that goes between the two normal reservoirs. Consequently, while one would expect the thermal conductance for the parallelogram interferometer to also oscillate with flux with a fundamental period of 0 , the amplitude of the oscillations should be smaller than those of the equivalent house interferometer.
In both geometries, the suppression of N(E, x) is maximum at φ = 0, so that one would expect the thermal conductance to be an even function of the applied flux . This is borne out by detailed calculations based on the quasiclassical theory. Figure 4 shows the normalized thermal conductance of a 'house' and 'parallelogram' interferometer as a function of temperature, for different values of the parameter L/L , which is a measure of how short the normal wires that connect the superconducting reservoirs to the rest of the device are. As expected, the suppression in G T is greater for shorter L . Also shown is G T for both geometries for different values of the interface barrier parameter r . r = 0 corresponds to a perfectly transparent interface. The suppression in G T is reduced as r increases.
Thermopower
As we have noted above, the quasiclassical approximation assumes particle-hole symmetry, so that the analysis of the thermopower for NS structures within the framework of the quasiclassical theory of superconductivity is less clear than that of the thermal conductance. The conventional thermopower expressed by equation (6) should be small, while the experiments show a thermopower that is fairly large in amplitude. A second aspect of the experiments that still remains to be explained is related to the symmetry of the thermopower oscillations with respect to the applied magnetic flux . These oscillations in the house interferometer are symmetric with respect to , while the oscillations in the parallelogram interferometer are antisymmetric with respect to flux.
This problem can be expressed in a more quantitative manner if we consider the example of the 'house' interferometer. Suppose that one of the normal reservoirs is kept at a temperature T + T /2 and the second reservoir is kept at a temperature of T − T /2. In response to this temperature differential, suppose a thermoelectric voltage V is generated, so that the voltage on the first reservoir is V /2 and the voltage on the second reservoir is −V /2. In the normal wires connected to the normal reservoirs, the spectral supercurrent Q and the functions M 03 and M 30 vanish, so that the kinetic equation
is a constant of integration that represents a partial current at energy E. Now by symmetry, the function h T at the node where all four normal wires meet is 0. Integrating the equation a second time along the wire joining the left normal reservoir to the node, we obtain
(17) Here the left reservoir is assumed to lie at x = −L and the center node at x = 0. We assume that the applied temperature differential T is small, so that the voltage drop V across the normal reservoirs is also small. Then the equilibrium value of h T can be expanded to first order in the voltage to give
It is important to note that the first order Taylor's expansion of h T (−L) does not give a term that is proportional to T , emphasizing the fact that the quasiclassical approximation does not take into account conventional thermoelectric effects. Now the thermopower is measured under the conditions that there is no net current flowing into the normal reservoirs, so that j 1 (E) dE = 0. Thus, if j 1 (E) changed sign as a function of E, we might be able to satisfy this condition for a finite voltage V . However, the prefactor in equation (18) does not change sign as a function of E, and M 33 is 1 at the normal reservoir and is expected to remain positive as x → 0. Thus, the only way that the total current would vanish is if V = 0, i.e. there is no thermoelectric effect. Of course, it should be remembered that this analysis is valid only when E eV . A similar analysis applies to the case of the parallelogram interferometer. However, it has been suggested that if the temperatures of the two NS interfaces in the parallelogram interferometer are different, the currents j (E) in the normal arms connected to the two superconducting reservoirs will be different, as the contribution of the supercurrent in these two branches will be different [49] . Since we must have current conservation at each node, this implies that there will be a finite partial current in the normal wires connected to the normal reservoirs, this will need to be balanced by a potential on the normal reservoirs so that there is no net current into or out of the normal reservoirs. The symmetry of the oscillations in the thermopower would be antisymmetric with respect to the applied flux, since the supercurrent is antisymmetric with respect to the applied flux.
Another possible mechanism is based on experiments about three decades ago in which a thermoelectric effect was observed in superconducting structures in the non-equilibrium regime [63] [64] [65] [66] [67] [68] [69] .
The thermoelectric response in these experiments arose from charge-imbalance effects induced by the temperature gradient. In the language of the quasiclassical approximation, the quasiparticle potential induced in the nonequilibrium regime is given by [53] φ
Since the density of states N(E, x) is always symmetric with respect to the applied flux , the symmetry of the induced potential will depend on the symmetry of h T . In the house geometry, h T can be expected to be symmetric with , as the boundary conditions at the center node are invariant under the transformation → − . For the parallelogram, since the spectral supercurrent Q enters into the kinetic equations for the normal arm of the interferometer, we can expect that h T in the normal wires connected to the normal reservoirs will be antisymmetric with respect to , as Q is always antisymmetric with respect to . Hence the thermoelectric potential will also be antisymmetric with respect to .
Measurement techniques for thermal conductance and thermopower
We now discuss the experimental techniques for the measurement of the thermopower and thermal conductance of mesoscopic devices. The techniques are tailored to the samples of interest: in particular, we are interested in the thermal properties of metallic devices at very low temperatures, so that we will primarily focus on experimental techniques specific to measuring the electronic thermal properties, ignoring the contributions of phonons, since they are frozen out. In the measurements from Northwestern University discussed here, standard precautions are taken to avoid experimental artifacts due to environmental parameters such as radiofrequency (rf) and line frequency interference. The measurement leads going down from the top of the cryogenic insert to the sample space consist of highly lossy twisted pairs, typically made of filamentary superconducting wire in a copper-nickel matrix. In addition, π-filters with a cut-off frequency in the range of 1-10 MHz are used to eliminate radiofrequency noise. The signals from the top of the cryogenic insert are immediately fed into first stage preamplifiers located near the top of the insert. These amplifiers are battery operated and housed in a special μ-metal shielded enclosure in order to avoid line frequency interference. For low resistance samples, we use impedance matching transformers before the preamplifier stages. The output from the preamplifier stages, whose gain can be in the range 10 2 -10 3 , is then fed into the second stage electronics, which typically consist of computer interfaced voltmeters and lock-in amplifiers. The efficacy of the shielding arrangement is demonstrated by the fact that we continue to see strong temperature dependences down to our base temperatures of about 15 mK in samples ranging from those with very low impedances, such as those discussed in this paper, and in samples with very high impedances, such as carbon-nanotube and Coulomb blockade devices. Thus, we are very confident that extraneous noise sources and artifacts in our measurements have been minimized. Figure 5 (a) shows a schematic design of a device used to measure the thermal conductance of a mesoscopic sample, in this case an Andreev interferometer since these are the samples of interest to us here, although the technique is generally applicable to any metallic sample.
In order to measure any thermal property, one needs to impose a temperature differential T across the sample. For our devices, this is done by driving a dc current I dc through a heater, which is simply a metal wire patterned between two large reservoirs. One end of the sample is in good contact with the heater at its midpoint. There are a number of factors that must be considered in the design of the heater.
If the quasiparticle inelastic scattering length is much longer than the length of the heater, the quasiparticle distribution function has a highly non-equilibrium form, which is not desirable for our experiments [70, 71] . If the heater length is much longer than the inelastic scattering length, then the quasiparticle distribution function has an equilibrium form, with the effective temperature determined roughly by the voltage across the heater if the temperature is low enough that electron-phonon scattering can be ignored, i.e. k B T e ∼ eV . A more sophisticated analysis balances heat generation by the dc current with quasiparticle cooling through electronic heat conduction as well as through the electron-phonon interaction. The effective temperature can be estimated by solving the heat flow equation [72] 
Here L is the length of the heater, V the voltage across it, γ is Sommerfeld's constant for the normal metal, and T b is the temperature of the phonons (assumed to be at the temperature of the bath), ρ is the resistivity of the normal metal, and the electron-phonon scattering rate is given by τ ep = T 3 , which is valid for relatively clean films [73] . Nagaev [70] derived a similar result using a slightly different result based on a diffusion equation for the distribution function, where the constant γ e 2 L 2 ρ/5 was replaced by
Here ζ(5) is Riemann's zeta function, D is the Debye temperature of the normal metal, and α ph is the electron-phonon coupling constant, which is ∼0.415 for Au on silicon substrates [73] . Figure 6 shows some results for the numerical solution of equation (20) for T e (x) along the heater wire for a few different dc currents. If one considers the heater alone, T e has a relatively flat profile in the middle of the heater for very long heater lengths. 'Long' here is defined by the electronphonon scattering length, L ep , which is strongly temperature dependent, increasing with decreasing temperature; thus, T e would be relatively constant in the middle of the wire at higher temperatures, where L ep is much shorter than the heater length. Regardless of the electron-phonon scattering length, the quasiparticle distribution function should have a quasiequilibrium form in the middle of the heater if the inelastic electron scattering length is shorter than the length of the heater at all measurement temperatures. In our devices, we typically use a heater of length 25 μm or greater, so that this condition is satisfied.
The spatial profile of T e will be modified by the presence of the 'sample,' so that there will be a dip in T e in the heater due to the heat sink represented by the sample [72] . The quasiparticles in the sample should be in good thermal contact with the quasiparticles in the heater. What this means is that the transparency of the barrier between the heater and the sample should be as large as possible. In our devices, the heater and the sample are made from one continuous film, so that the interface between the heater and the sample is effectively perfect.
While one can solve Nagaev's equation numerically to obtain the effective temperature profile in the heater, and hence the effective temperature at one end of the sample, taking into account cooling due to the electron-phonon interaction and the exact geometry of the device, there are a number of inputs and assumptions that go into this calculation that affect the reliability of the results. Experimentally, it is more desirable to measure directly the effective temperature of the quasiparticles. This is typically done by measuring independently some electronic property of the quasiparticles that is strongly dependent on the temperature. For our devices, we have done this using a 'proximity effect' thermometer, as show in figure 5 [74, 75] . This is in essence a normal metal wire that is connected to a number of superconducting contacts, so that its resistance is strongly temperature dependent due to the superconducting proximity effect. The normal part of the wire is connected directly to the midpoint of the heater to ensure good thermal contact (in reality, it is made from the same film in the same lithography step as the heater, just like the sample itself). The resistance of the thermometer is measured using four electrodes in a four-terminal configuration. Each of these connections is made through a superconducting contact, so that there is minimal thermal conduction through the contacts below the superconducting transition temperature. This ensures that the effective temperature profile across the normal part of the thermometer is relatively constant, even though it is short in length. We note that there are other types of thermometers that have been used very effectively in such low temperature experiments [76] ; in particular, tunneling thermometers with a superconducting electrode have been used extensively by other groups [77] . However, we find that the proximity effect thermometer provides a degree of flexibility in the design of devices that is not afforded by other thermometry techniques.
The thermometers on each device that is fabricated are different, and hence each thermometer must be calibrated. This is done by measuring the differential resistance of the thermometer as a function of the temperature as measured by the refrigerator thermometer, with no dc current going through the heater. The base temperature of the refrigerator is then fixed, and the differential resistance of the thermometer is measured as a function of the dc current through the heater. These two measurements are then cross-correlated, giving the temperature of the thermometer as a function of the dc current through the heater for each value of the base temperature of the refrigerator. Figure 7 shows the results of one such series of measurements on a device designed to measure the thermopower of an Andreev interferometer [38] . The resolution of the temperature measurement with these thermometers is of the order of a few millikelvin.
Thermal conductance measurements
The thermal conductance is defined by the equation I T = G T T ; hence, in order to measure the thermal conductance, one must measure the thermal current I T and the resulting temperature differential T . In principle, this is straightforward: I T is simply the heat generated by the heater and T can be measured with the proximity effect thermometers. However, in order to make the equivalence between the heat generated in the heater and the thermal current I T through the sample, once must ensure that other pathways for heat conduction away from the heater are minimized. To do this, we use superconducting contacts at the end of the heater. Below about half the transition temperature of the superconductor, heat loss through the superconducting electrodes is very small. In addition, we must also consider thermal currents from the quasiparticles to the substrate, which occurs through the interaction of the electrons with phonons. At low temperatures (typically less than 200 mK for our devices), the thermal conduction through the substrate is greatly reduced. This can be reduced even further by putting the entire device on a thin 50 nm freestanding insulating membrane, as has been done in the thermal conductance measurements described below.
Once we ensure that there are no other pathways for heat conduction from the heater, the measurements of the thermal conductance are fairly straightforward: at a fixed base temperature of the refrigerator, one measures the effective temperatures at both ends of the sample with the local proximity effect thermometers and the dc voltage V dc across the heater as a function of the dc current I dc through the heater. The thermal current I T is then simply the Joule heat generated, which is I T = V dc I dc . Typically, we are interested in the linear response thermal conductance, so that we would like to take the value of G T = I T / T as I dc → 0. If G T is well behaved, this should approach a well-defined limit. However, in the case of Andreev interferometers, G T so defined keeps changing down to the lowest value of I dc [42] , so that we must take this value of G T as the experimentally defined linear response thermal conductance.
Thermopower measurements
The thermopower is experimentally defined as S = V th / T , where V th is the thermal voltage generated across the sample in response to the temperature differential T . In order to measure V th , however, one needs to use two contacts, as shown in figure 5 ; hence one measures not only the thermopower of the sample of interest, but also the thermopower of the second contact, which we have labeled 'Control' in figure 5. If S is the thermopower of the sample of interest and S 0 the thermopower of the control electrode, then, assuming that the temperature at the far ends of both the sample and control are the same, the thermal voltage measured between the two normal metal contacts on the far right of figure 5(b) is given by
Typically, the material of the control electrode is chosen so that its thermopower S 0 is small compared to S, or, as is the case in our experiments, S 0 does not depend on some external parameter such as the magnetic field, so that any changes in V th with this external parameter reflect only changes in S, and not S 0 . In this case, we can ignore the term involving S 0 in equation (21) . Now, as we have explained above, the effective temperature of the heater depends on the heater current, i.e. T e = T e (I ). In order to increase our sensitivity, one usually uses an ac technique, superposing a small ac current on the dc heater current, so that the total heater current is I = I dc + I ac . The measured differential resistance can then be calculated to be dV th dI = S dT e dI .
To obtain S, we therefore need to know dV th /dI and dT /dI . dV th /dI is measured directly using lock-in techniques. dT /dI can be calculated numerically, as discussed above, or it can be determined experimentally from the measured effective electron temperature as a function of heater current, as shown in figure 7 . It should be noted that as the effective electron temperature T e should be an even function of the dc current I through the heater since T e does not depend on the sign of I , dT /dI is an odd function of I . Hence the measured dV th /dI should also be an odd or antisymmetric function of I . This can be used as an experimental check that one is indeed measuring the thermopower signal. Figure 8 shows the measured differential resistance R = dV th /dI of an Andreev interferometer as a function of the dc current through the heater for various values of the external magnetic field [35] . While the magnitude of the signal varies as a function of magnetic field (a point we shall return to later), the measured signal is clearly antisymmetric with respect to current for all values of magnetic field.
Since the differential resistance due to thermopower is antisymmetric with respect to the heater current I , and consequently vanishes at I = 0, one can take the experimental technique one step further and dispense entirely with the dc heater current, applying only an ac current to the heater [38] . Taking the derivative of equation (22) since dT e /dI vanishes at I = 0. d 2 V th /dI 2 is measured using standard ac lock-in techniques, by measuring the ac voltage at twice the frequency of the applied ac current, and d
2 T e /dI 2 can be calculated using the heat flow equation, or obtained numerically from the measured T e (I ).
Review of experiments
The devices fabricated for experiments on thermal transport in mesoscopic NS structures are patterned using standard techniques of electron beam lithography, so we shall not discuss them here especially as the fabrication has been discussed in detail elsewhere. The only unusual feature of the devices used for the thermal conductance measurements is that in our later experiments, they were fabricated on freestanding 50 nm thick Si 3 N 4 windows in order to reduce thermal conduction due to the substrate. While the thermal conductance is easier to understand theoretically than the thermopower, the reverse is true of the experimental situation: thermopower is far simpler to measure than the thermal conductance, especially since one does not have to worry about extraneous heat conduction paths. We shall start first with a discussion of the thermal conductance of Andreev interferometers, and then move on to measurements of the thermopower. Figure 9 shows an electron micrograph on one of the earlier devices used in our group to measure the thermal conductance of an Andreev interferometer. In this case, the topology of the interferometer is that of the parallelogram interferometer. The various parts of the device have been described in detail while discussing the experimental techniques, so we shall not repeat them here. We only note that special care was taken to ensure that the interfaces between the normal metal and the superconductor were as clean as possible, so that the interface transmission should be as large as possible. The device of figure 9 was fabricated on an oxidized silicon substrate. In order to reduce parasitic thermal conduction through the . Scanning electron micrograph of another device used to measure the thermal conductance of an Andreev interferometer. In this case, the entire device is fabricated on a free-standing silicon nitride film in order to reduce thermal conduction from the substrate. From [42] .
Thermal conductance
substrate, later devices were fabricated on a 50 nm thick freestanding Si 3 N 4 film [42, 62] . Figure 10 shows a scanning electron micrograph of one such device. Figure 11 demonstrates the technique used to measure the thermal conductance of a device at one temperature [62] . T e across the sample as a function of heater power P h at the substrate temperature T b = 49.5 mK. From [62] .
The zero dc current bias differential resistances of the thermometers are first calibrated against the mixing chamber thermometer, as shown in figure 11(a) . The base temperature of the refrigerator is then fixed (in this case at a temperature of 49.5 mK), and the resistance of the thermometers is then measured as a function of the dc current or power through the heater ( figure 11(b) ). These two measurements are then cross-correlated to obtain the electron temperature in the thermometers as a function of the power P h through the heater ( figure 11(c) ). The last step would be to plot the thermal conductance G T = P h / T e as a function of P h , and take the value P h → 0 as the linear response thermal conductance for that temperature. (It should be noted that the temperature of the substrate thermometer does not vary much at low heater current, indicating that thermal leakage through the substrate is small at low temperatures.) Figure 12 . Thermal resistance R T as a function of the heater power P h at six different temperatures for (a) the 'parallelogram' and (b) the 'house' interferometers. From [42] . Figure 12 shows the result of this measurement for two Andreev interferometers, the first a 'parallelogram' interferometer on an oxidized silicon substrate, and the second a 'house' interferometer on a 50 nm thick free-standing Si 3 N 4 film [42] . In order to emphasize the low power behavior, we have chosen to plot the thermal resistance (R T = T e /P h ) rather than the thermal conductance G T . First, notice that the minimum power displayed in figure 12(b) is about an order of magnitude smaller than that displayed in figure 12(a) . This is because the lower substrate conductance of the house interferometer (it is fabricated on a free-standing Si 3 N 4 film) permits us to use much lower power, down to a minimum of 3 fW. Second, we noted that the linear response value of R T should be obtainable by taking the P h → 0 limit of the curves shown in figure 12 . It is clear from the data shown in figure 12 , however, that no well-defined limit exists; indeed, it appears that R T continues to increase more rapidly as P h is reduced for all temperatures at which we have measured. In fact, the curves in figure 12 have a rather remarkable dependence on P h . Figure 13 shows the low power behavior of the data of figure 12 on a logarithmic scale. R T is well described by a dependence on the power of the form R T ∼ 1/ √ P h . This 1/ √ P h behavior at intermediate values of P h is reproduced by the numerical simulations based on the quasiclassical equations. Figure 14 shows the calculated thermal conductance for a 'house' and 'parallelogram' interferometer as a function of the thermal current I T [50] . These calculations show that the linear response behavior is recovered only at very low thermal currents (of the order of 3 fW or less); hence we will not be able to see the linear response behavior in our measurements. Consequently, in order to plot the temperature dependence of R T , we define it as the value measured at the lowest P h . Figure 15 shows the resulting temperature dependent R T as a function of T for the 'house' and 'parallelogram' interferometers.
The thermal resistance rises as the temperature decreases, as expected-the thermal resistance of the house thermometer is larger in amplitude as it is measured at lower heater power. For comparison, we show the expected thermal resistance of normal metal wire of the same resistance calculated using the Wiedemann-Franz law [54] . It is not surprising that the thermal resistance of the Andreev interferometers is much larger; however, what is surprising is that the experimentally measured R T is also much larger than the thermal resistance calculated on the basis of the quasiclassical theory of superconductivity. The dashed lines in figure 15 show the results of the theoretical calculations of the thermal resistance using experimental parameters for the sample. This calculated value differs from the WiedemannFranz value only at the lowest temperatures (below ∼50 mK), and hence underestimates the experimental thermal resistance over the entire experimental temperature range. At this point, it is not clear why there is such a large discrepancy between theory and experiment, but the difference might have to do with the thermal conductance of mesoscopic samples whose dimensions are less than the inelastic scattering length, and may not be tied to the proximity effect per se.
A similar technique needs to be used to measure R T as a function of the applied magnetic flux : one fixes the magnetic field at a specific value and then uses the technique outlined in figure 11 to measure R T at that specific field value. Figure 16 shows the resulting thermal conductance as a function of magnetic field at 40 mK [42] . In order to show the symmetry of the oscillations, we also plot the oscillations of the electrical resistance of the same Andreev interferometer at 400 mK. As the resistance is symmetric with respect to magnetic field, it can be seen that R T is also symmetric with respect to magnetic field, with maxima at values of the magnetic field at which the electrical resistance has minima, as should be expected. These oscillations are the first experimental evidence of quantum interference effects in the thermal conductance, and are a direct consequence of the oscillation of the density of states N(E, x) with applied magnetic flux.
Thermopower
While the thermopower of Andreev interferometers is easier to measure than the thermal conductance, it is much more difficult to understand, and even a decade after the first experiments on the thermopower of Andreev interferometers were performed, there is still no definitive theoretical explanation of some of the main experimental results. Two experimental facts still remain to be explained. First, the amplitude of the measured thermopower is much larger than that of a conventional normal metal, which clearly points to a new origin for the thermopower based on the physics of the superconducting proximity effect. Second, the symmetry of the thermopower oscillations with respect to magnetic field still remains to be understood. In most Andreev interferometer device geometries, the thermopower is antisymmetric with respect to the magnetic field. However, in certain specific geometries [35, 41] , in particular, the 'house' interferometer, the thermopower is symmetric with respect to the applied magnetic field. We shall concentrate here on trying to understand the factors that may help us determine the origin of the phase-coherent thermopower of Andreev interferometers. Figure 16 . Thermal resistance oscillations of a 'house' interferometer (solid symbols) as a function of the externally applied magnetic field, measured at T = 40 mK. The solid line is a guide to the eye. The dashed line shows the resistance oscillations of the same sample as a function of the magnetic field at T = 400 mK. The zero of the magnetic field is shifted due to trapped flux in the superconducting magnet, but R T has a maximum where the electrical resistance has a minimum, as expected. From [42] . Figure 17 shows the resistance (dashed lines) and thermopower (solid lines) for two types of interferometers, a parallelogram interferometer ( figure 17(a) ) and a house interferometer ( figure 17(b) ) [35] . The resistance of both interferometers is symmetric with respect to the applied magnetic flux. However, the symmetry of the thermopower depends on the topology of the sample. For the house interferometer ( figure 17(b) ), the thermopower is symmetric with respect to magnetic field.
For the parallelogram interferometer, and indeed almost any other type of Andreev interferometer, the thermopower is antisymmetric with respect to the applied flux.
A second important measurement is the temperature dependence of the oscillations. Figure 18 shows the temperature dependence of the thermopower oscillations for a parallelogram type interferometer at a magnetic field corresponding to 1/4 0 , the magnetic field at which the amplitudes of the oscillations are a maximum [38] . The temperature dependence is non-monotonic, with a maximum in amplitude at a temperature that corresponds approximately to E c /k B . The amplitude of the oscillations is of the order of 100 nV K −1 , much larger than that expected for a normal metal, but smaller than that observed in the first experiments on Andreev interferometers.
What determines the symmetry of the thermopower oscillations? Analysis of many experiments suggests that the supercurrent induced by the externally applied magnetic flux is important.
It appears that if the path of the induced supercurrent flows along the path that the thermal current follows from the hot reservoir to the cold reservoir, the thermopower will be antisymmetric with respect to the external magnetic field, reflecting the symmetry of the induced supercurrent with external magnetic field. If the path of the supercurrent is perpendicular to the path of the thermal current, the thermopower will be symmetric with respect to magnetic field. While the resistance oscillations are symmetric with respect to magnetic field for both types of interferometers, the thermopower oscillations are antisymmetric for the parallelogram interferometer, and symmetric for the house interferometer. The thermopower is determined from the nonlocal resistance oscillations by estimating the temperature gradients in the sample using heat flow equations, as described in the text. From [35] .
In order to test this hypothesis, we fabricated a device incorporating two Andreev interferometers, as shown in the schematic diagram in figure 19 [78] .
Each Andreev interferometer loop has fabricated around it an on-chip field coil. Figure 20 shows a scanning electron micrograph of one such double-loop interferometer. By sending a current through the field coil, one can selectively couple a flux to only one of the Andreev interferometers. This flux will induce a supercurrent in the Andreev interferometer loop. Independent control of the current in the two field coils enables us to control the relative direction of the supercurrents in the two loops. In this particular sample, if the fluxes generated by the two field coils are in the same direction and of the same magnitude, the supercurrents in the common normal branch of the interferometer will cancel. Thus, there will be no supercurrent along the direction of the thermal current. This configuration, which we denote as the in-phase configuration, is then equivalent to the house interferometer, so one should expect a thermopower symmetric with the flux. On the other hand, if the fluxes generated by the field coils are in the opposite direction, the supercurrents in the common normal arm of the interferometers will add, so that there will be a supercurrent along the path of the thermal current. This Figure 18 . Amplitude of the thermopower oscillations as a function of temperature for a parallelogram type interferometer, measured using the second derivative technique, at a magnetic field value corresponding to 1/4 of a flux quantum through the interferometer loop, where the amplitude of the thermopower is a maximum. 2 T e /dI 2 as shown in the inset to figure 7(a). From [38] . Figure 19 . Schematic diagram of a double-loop interferometer. The two on-chip field coils enable one to couple a flux selectively into only one of the Andreev interferometers. In this case, the two interferometers are exactly symmetric about the central normal wire, so that any supercurrents induced when the field generated from the two field coils is in the same direction would cancel in the common normal arm of both interferometers. From [78] .
configuration, which we call the out-of-phase configuration, is equivalent to the parallelogram interferometer, and should have a thermopower that is antisymmetric with the applied flux. Figure 21 shows the thermopower of a double interferometer with the topology of figure 19 in the in-phase and out-ofphase configurations. In order to show the symmetry of the oscillations, we show in the same figures the resistance of the double interferometer with current through only one field coil, which is symmetric with respect to magnetic field. While the signal is quite small, due to the fact that E c for this sample was Figure 20 . Scanning electron micrograph of a double-loop interferometer. In this case, the two interferometers are slightly offset from one another, so that there is a supercurrent in the normal arm of each interferometer in both the in-phase and out-of-phase configurations. From [78] .
quite high (E c /k B ∼ 0.8 K, close to the transition temperature T c of the superconductor), it is clear that the thermopower oscillations in the in-phase configuration are symmetric with respect to magnetic field, while the thermopower oscillations in the out-of-phase configuration are antisymmetric with respect to magnetic field. It should be emphasized that the two sets of data shown in figures 21(a) and (b) are on the same sample; only the currents on the field coils were changed. Hence, it appears that the path of the supercurrent in relation to the path of the thermal current is indeed important in determining the symmetry of the thermopower oscillations.
Further evidence for this can be seen in measurements on another similar sample [79] . This sample, an enlarged image of which is shown in figure 22 , is similar in design to the schematic shown in figure 19 , except that the normal arm of each interferometer is no longer common. In this case, in both the in-phase and the out-of-phase configurations, there will always be a supercurrent along the path of the thermal current; however, in the in-phase configuration, the currents will be in opposite directions, while in the out-of-phase configuration, they will be in the same direction, as shown in figure 22 . Figure 23 shows the resulting thermopower at 20 mK in both the in-phase and out-of-phase configurations. In order to make certain of the symmetry, we also plot on the same graph the resistance of the interferometer as a function of the field generated by only one field coil, which is expected to be symmetric. Both the in-phase and out-of-phase thermopowers are antisymmetric with respect to applied magnetic field. This is consistent with the idea that the thermopower will be antisymmetric if the path of the supercurrent lies along the path of the thermal current. However, the amplitude of figure 19 . Dashed curves represent the resistance with current through both field coils. The dotted curve in both figures is the resistance with current sent through only one field coil: this resistance is symmetric with respect to magnetic field. Schematics on the right show the direction of the supercurrents induced by the on-chip field coils. In (a), the supercurrents cancel in the common arm, while in (b), they add. The thermopower is measured at 0.79 K, while the resistance is measured at 0.93 K. E c /k B for this sample is estimated to be 0.8 K. The double period in the two-coil resistance seen in (b) is probably due to the small but finite magnetic field of the Earth, as the area of both interferometers is quite large. From [78] .
the thermopower oscillations in the in-phase configuration is about four times as large as the amplitude in the out-of-phase configuration. The oscillations in both configurations have a highly non-sinusoidal, almost sawtooth waveform, indicating that the self-inductance of the interferometer loops influences the actual flux coupled to the interferometers.
These experimental results lead us to suggest a mechanism that explains the symmetry of the oscillations, although we stress that this is just a speculation, and will need to be borne out by more detailed theoretical studies. We believe that the thermoelectric voltage in NS devices arises from a chargeimbalance induced quasiparticle potential arising between the normal reservoirs similar in form to equation (19) . This potential is the convolution of two terms: the density of states N(E, x) and the distribution function h T . N(E, x) is always symmetric with respect to magnetic flux (see, for example, figures 2 and 3). The symmetry of h T , however, is determined by whether there is a supercurrent in the path between the two normal reservoirs. If there is a supercurrent along any part of the path between the two normal reservoirs, it will influence the distribution functions through the kinetic equations, equations (14) . Since the supercurrent is always antisymmetric with respect to magnetic field, the distribution function h T will also be antisymmetric with respect to magnetic field, and hence the quasiparticle potential given by equation (19) will also be antisymmetric with respect to magnetic field. The energy scale of the oscillations will naturally be set by E c , as this is the energy scale that determines both the density of states N(E, x) as well as the supercurrent.
Summary
Superconducting proximity effect devices provide a rich field for the exploration of quantum effects in thermal transport in mesoscopic devices. The most important result is the observation of oscillations of the thermal properties (both the thermal conductance and the thermopower) as a function of an applied magnetic field, a striking demonstration of the influence of quantum phase coherence in thermal transport. These are the first systems in which such coherent oscillations in the thermal properties have been seen 2 . The development of local electron thermometry has enabled quantitative as well as qualitative measurements of the thermal conductance and thermopower of these systems. While the thermal conductance is the easier of the two properties to understand conceptually, it is the more difficult to measure, and in general these measurements have required the development of sophisticated new experimental low temperature techniques.
In spite of more than a decade of work in the field, there are still a number of outstanding issues. Chief among them is an explanation of the magnitude and magnetic field symmetry properties of the thermopower. The major problem appears to be that the quasiclassical theory of superconductivity that is most widely in use to describe the properties of proximitycoupled normal metals assumes particle-hole symmetry, and hence discounts thermopower effects from the outset. To describe the thermopower of NS systems will require an extension of the theory. Some efforts have been made in this direction already. With regard to the thermal conductance, while the conceptual understanding of the origin of the 2 Thermal oscillations induced by quantum interference in a SQUID device have also recently been observed: [80] . Figure 23 . The in-phase and out-of-phase thermopower for the double-loop interferometer shown in figure 22 , at T = 20 mK. Both curves are antisymmetric with applied magnetic flux, but the amplitude of the in-phase thermopower is about four times as large as the out-of-phase thermopower. The dotted curve shows the resistance of the interferometer with current through only one field coil. This resistance is always symmetric with respect to magnetic field. From [79] .
thermal conductance of Andreev interferometers appears to be correct, the quantitative description based on the quasiclassical theory does not agree with experiment. The experimental thermal conductance is much smaller than that predicted by the quasiclassical theory at all temperatures. This may indicate a problem with the theory; on the other hand, it may indicate that the thermal conductances of mesoscopic devices in general have some unexpected properties that require further exploration. This is still a relatively new area of research.
